If A is a square n-rowed matrix of real or complex numbers whose element in the pth row and qh column is denoted by apq, -the composite form (A x x x) = ap1 xq xp assumes real or complex values z = t + iv, and p,q our present purpose is to discover the region of the complex plane covered by these values under the hypothesis that the composite form (x I x) = Xp Xp has the value unity (i.e., in the language of real geometry the p 1 point x is supposed to lie on the unit sphere). Since the composite form (A x x) has values invariant under unitary transformations of A the region in question is a unitary invariant of A. For normal matrices (i.e., matrices which can be transformed unitarily to the diagonal form) it is well known and immediately evident that the region is the interior and perimeter of the convex polygon whose corners are characteristic numbers of A and which cQntains, either in its interior or on its perimeter all characteristic numbers of A. For not-normal matrices it is known (Toeplitz-Hausdorff) that the region is convex1 and for a two-rowed matrix the region is, according to a remark of Wintner, an ellipse having the two characteristic numbers as foci as may be shown by direct calculation in Cartesian coordinates. This method is somewhat complicated and not easy to generalize while the method of the present note using the complex variable is quite simple and works as well, in principle, for the general case as for n = 2. The range of values of a Hermitian matrix is the segment of the real axis connecting the smallest and greatest characteristic numbers. Any matrix A can be analyzed unambiguously in the form A = F + iG, where F and G are Hermitian and hence the real part of (A x x) = (F x I x). If r denotes the largest characteristic number of F the line t = r contains one point of the boundary of the sought-for region R (if it contains more than one such point a portion of this line forms part of the boundary of R), and there are no points of R to the right of this line. If now t = ejO is a turn (i.e., a complex number of unit modulus) the field of values R of A = A/t is found by rotating R around the origin through an angle -0. Hence if we find the line t = p "bounding" R on the right (in the sense that the line t = r "bounds" R on the right so that, in Minkowski's terminology, t = p is a line of support of R) the line obtained by 246 PROC. N. A. S.
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Now F = '(A + A*) where apq = aqp and so F= (A/t + A*t) and
as p is a characteristic number of F we must have det[pE -2(A/t + A*t)] = 0; E the unit matrix.
Here p is the perpendicular from the origin on the "bounding" line (the argument of the perpendicular being 0) so that the equation of the "bounding" line is t cosO + X sinO = p or, more simply, + zt = 2p. The perpendicular pi from any point z1 is given by writing zzi for z so that Pi = Pt + . Let us now suppose that A has been transformed (according to Schur's theorem) by a unitary transformation into triangle form (so that its diagonal elements are its characteristic numbers Xl, X2, X.); the diagonal elements of the matrix pE -(A/t + A*t) are the perpendiculars (p, ... P,,) from the points (X1, ... X,) on the bound- and k = C23C=s + ctCs3 + C1cC2. VOL. 18, 1932 In general the curve PlP2P3 = kPa is a curve of class three having (XI, X2, X3) as foci and the joins (ajX, A%2, aX3) as tangents (the equation may be made homogeneous by using the quadratic relation between the perpendiculars from any three non-collinear points whose vanishing gives the circular points at c; the three perpendiculars are line coordinates corresponding to ordinary barycentric coordinates). If a coincides with any one of the points (Xi, X2, X3), Xi say, the boundary of the region soughtlfor is found by stretching a string around the point Xi and the ellipse p2ps = k.
In general, if the equation of a plane curve is given in the form Z-Z O (Pi,. p,) = 0, its real foci are obtained by writing 2pk = t + (zz)t and letting t > 0 (for a tangent to the curve through a focus is of the form z = const. or z = const. and in order that this may be obtainable from 2p = + zt we must either have t = 0 or t = oo). It is clear then that in the general case the characteristic numbers of the matrix are the foci of the curve bounding the field of values of the matrix; for only the term of highest degree, i.e., PiP2.Pn occurs in determining the foci. F. Hausdorff, Math. Zeits., 3,'314-316 (1919 In a recent paper' Birkhoff gave the proof of an extremely general recurrence theorem in dynamics which is of fundamental importance not only for stability questions connected with Celestial Mechanics, but also for the theory of adiabatic invariants and for Statistical Mechanics.2 The object of the present note is to discuss the relation of Birkhoff's discovery with an essentially more special result, published by the writer a few years ago in connection with the theory of certain infinite matrices.3 These matrices represent, in the sense of Frobenius, the groups defined by the almost periodic function of Bohr for which the conditionally periodic motions of Staude and Stackel and the "grenzperiodisch" functions of H. Bohr, also occurring in dynamics,4 are the simplest non-trivial examples. The method is, however, valid even if the recurrence character of the motion is weaker than almost-periodic (it holds for instance for functions representable only by Fourier integrals) and is connected in some points with several researches of N. Wiener.5 The results which may be obtained
